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Mobility Analysis of Zero-DOF Mechanism That Moves
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A novel method to analyze a mechanism is proposed particularly in order to prove that
the mechanism is zero-DOF. This work is motivated from an existing parallel mechanism that
largely moves and is guessed to be zero-DOF in theory. Once a solution of the kinematics is
found, it means that the mechanism has mobile DOF. In order to prove that the mechanism
is zero-DOF, one has to prove that the kinematics does not have any solution, which is
difficult in general since it never means that the solution does not exist even if a formula-
manipulation program fails to find it. The proposed method is based on higher-order deviation
of the kinematic mapping rather than the direct root-finding technique. It was applied to the
above mechanism and succeeded to prove that it is certainly zero-DOF. The reason why the
mechanism moves despite it does not have mobile DOF in theory is also discussed.
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Fig. 1 A Zero-DOF 3-UU parallel mechanism®®
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Fig. 2 Cut-and-branched parallel mechanism with

virtually duplicated effectors
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Fig. 3 Single rod of the 3-UU parallel mechanism

C OWREN ¢* IafECrlEid 572513, Rk Zzififad Ik
D 8" g WMHES % (i 2 DRIETD .

Je1(g))8" g, +all) = = Jen(qly) 8" gy +al  (21)
7=z L,
m * m—1)x* aa(lﬁ—l) *
a = Kei(gi,q!")g" " +§7’q§1) 22)
q;
Thb.
[ 6]

BHEM DY g THOZL, M Dz( 20) Tz 9 IEF/D
(@0} (1=0,--- . m—1) BLC (@'} WHET
tDEkg5. Al 21) BTz IEED §™mg MFEFE L
WirbHIE, BEM I ¢ OETITHLENC RS D
HED

FiRE( 21D & 8™ g ICBET 2R /R TH D,
BAHIRT % T LT as iz, MLHSHEDHR, ¢
THOLY 510 M D ZOEHETREI LENT i, X
@E&w$ofﬂii ECH5.

Lm=1, a)=0Ci=1,

2. JifE( 21) ZfiE<.

3. JEEOM g MAE LU, HE M (3IEn]E)

TH2EHELKT.

4. g =8§"q, m<m+1&L, (22 1ckD
(@™ Ci=1,--- \N) ZRkedi=t%, 215,
Fei2L, TOHETIEICHRED BT % T L 2R T
TIRORICTER T 208055 5 ( RSN TEI T 51540
&, FREOJFEZE T LRV . BEDIERETH B &
OHEAIMN T ETZ BT, WEREZ1F272DDOFEREHEZ 2N

ETh%.

3. 3-UU /NS L)ViEDFERTENIEEERE

BiEOZEM RIS E Z, 3-UU $oIEalait 2 aa L
£95. W3 LI, 3-UU 2T % i T E OO}
BELEZ RS, 4 DOMMBDZEN BZRX—A[IDEFNTE

-,N) 9%,



Nagit, g, g, g EBL. HOHE 1 I EXAHD
KNTAR=AFNANTH URf ¢; ZLLTHO AT 51,
5400 ¢+ DRAZLULTI T o 7 ZEEERIC D
. iU ¢ =2n/3, ¢=4n/3, ¢3=0TdH%. T
T 1 7 RERERDFESENENT 8V pg; BRULRETS
Ri; 3 RDXH T35,

pri = Ri'pgi (23)
Rg; = R/Rg;R! (24)
_r(l —2¢cin+ C,‘23) + hspp
'Pri = | (2rsip — rsinz + hei)sin (25)
(2rsip — rsip3 + hep)cin

Ci23 —Si23Si4 $i23Ci4
‘Rei = | —si15i23 —Si1€i235i + Ci1Cia Si1Ci3Cia -+ CinSia
| —Ci1Si23 —Ci1Ci23Si4 — Si1Cia Ci1Ci23Cia — Si1Si4
(26)
[cos ¢; —sin ¢; O
R, = |sin¢; cos¢; O 27
| 0 0 1

foSL/, Sij défsinqij, Cij défCOSC]jj ( j=1,---,4) s
def . def SO

$i23 = Sln(cm —6153), Ci23 = COS(qiz —611'3) LTnTnE

Wiz, BT aetrsilig,

[RiJLE:

Jei=| 0 (28)

| Ri'J AEi

0  r(2spp—si3)+heip rspz 0

"Jigi = | bici bisit rei3sit 0 (29)
| —Dbi1si1 bipcit repzci 0
-1 0 0 —ci3

Jagi=| 0 cii —cit sisi3 (30)

| 0 —si1 si1 citsins

LB, J2lzZL, by def 2rsip — rspp3 + hep, b def

2rcip —reipy — hsip EFNFNFRBVOT-.
COFHEL g = 0 ICBWVTHASMMCKNZT 5. 2L
THMEY O ylidilc k59

0 h 00

Je="0E%hn 0 0 0
_0 r r 0
[—10 0 —1

i 0 def

Jagi = JAE = 01-10
1000 0

&z, R 2D) ERDKSICERES.

Tig 0 —R{%Jik }’I(f'f)
Jae O —R[%Jag SMg — }’er)
0 TO q - (m) (31)
O "Jie —R2 JLE Yio
0 Jag —R1JAg y
727zl
W [RF o)
=1 ayy —ay 32
y%) 0 R (ags’ —ayg;’) (32)

(i=1,2) EBWVe. Ry WHNHTHITH % T LITHER
TNnfze. Sdéfsin(bl, Cdéfcosqﬁl eBLl L, iAok
BATHNIRD X 515 %.

[0R0 0 000 0 —hS—hC O O |
hOO 0 000 0 —hC hS 0 0
Orr 0000 O0 O —-r—-ro
100 1000 0 C -S S C
01-10 000 0 —S —C C —S
00000000 0 0 00
000 0 0hO O hS —hC O O
000 0 h0O O —hC—hS O O
0000 O0rr 0 O —r —ro0
000 0-100—-1C S —-SC
0000 01-10 S —-CC S
(00000000 0 0 0 O]

6 TTHBXU RITHDOEGHET 0 THY, HHDIT
EETHWIRIEHNT THS. Lizho TEfFIDZ >
71310 TH Y, HENX( 31D HREROZHOLE L
SIS, BIBANE Y BT O 3 B L &
WKETHBHTLTHD. FlhonbxE, IEBOWRIIHE
T3 L FRACREE NS,

LLET, WifiOsEE WS ENES 2. 2h&D
KB 5.

m=10Dtx)

1 1 1 1 1 1 1
ayl =al) =al) =0 &0y =y{l =y} =y} =0
TH2OT, HEX(3D) dWMEED. RS, —ikfiE

8q=q V" IZRDXSITKRES.

T
(_|S-CC §-S-CC-S0-110{ |v
cCS -SCC -SSC100l1

] (34)

V2

72720, vi, w BIEEOFETHS. ThbDs B0
T L —DIEETHNIMRIIER 55,

m=20D¢E)



[—2r(2Cvi — Sv2)Svy 0

S R P
L 0 _O_
[2r(2Cv1 4 Sv)Sv2 0
= st | ya=|o
0 0]

Lien CaElmaam oy, Yy sraicEso
T, AR 31) 3Rz, FB, iR 62 = ¢+
FERO &S ITRES.

[ s 42020 —Swm)evm | [ s C]

(2Cvy — Sv2)Svy —C S

—(2Cv; — S$v2)8vy Cc -S

—Sv? s C

—812+2(2Cv; — Sv2)Cvy -S C
O, ~(@Cvi=3Sm)Sw | |-C=S rl
h (2CV1—3SV2)SV2 c S ay

Sv? -S C

2(2Cvy — Svp)vo 0 1

0 -1 0

0 10

I 0 ] Lo 1]
(35)

ﬁ’_ffb, ay, ap Liﬁé%‘f@%é&f%% Vi, Va2, daip,
a, DS BYE L —DNIEEGLITMIIEE L 755,

m=30DkLx)

[~ (5v/303 4210120 — 11130152 — 31,°)

yfl) = —% (15\/13 —T7V3v12vy = 33v 2 + \/§V23)
L —7 (6\/13 —5vV3v vy — 1202 + \/§V23)
(36)
[ % (\/§v13 — 912y, — 74/3v vy +3vz3)
yfz) = *% (3V13 +v3v12v2 = 9vnp? — \/§V23)
=7 (3\}13 —11v3v12vy — 912 + \@vf)

(37)
L% Cadatas i oy, yaam . L,
S=+3/2, C=-127%RAL%. TNHDH3 I
ZIREMU, RO XL T 5.
6V13 — 5\/§V12VQ — 12V1V22 + \/§V23 =0
3v13 — 11\[3\/12\)2 — 9v1vz2 + \@vf =0
Chaiu&QQﬁﬁ (Vl,V2) = (0,0) 72%:’3 ERAPY5) Vi, V2

DWITNHDIEEESIE, X 38) (39) Z[EFHIE
I LIFTET, SR 31D BIEBEOMERTTR0.

(38)
(39)

N S
0 ........................................................................................................................ v1
7{3\/5 : L L . . I J

Fig. 4  Solution curves of Eq. (38) (solid line) and Eq.
(39) (dashed line)

MEXD,
HAE Nz,

3-UU /35 L UBRE DS aTE) L7 2 & AN

4. £ ®

41 3-UU NS LIVBIZ U aIEg 20H0? §i
fioERE D, 3-UU 8T LIUESREIZ GG i nTEh Ui
WEDD, q=0ICBNTHEPEEMRD 2 B ET
WEEDFET B T BRI D o Tz, Fiz, K413
(38) BXUK( 39) ZHi/zd (vi,v2) DES( HiE:HE
B, BE D BRLEBDTHS. WINE 3 ADH
MBS, TNHIFETHEARD, FifficENzX S
I (0,0) 7272—HDHTRDS. LhL, Khda (5
K ( 38) DifFEEF D) BXU b ( FHHEK( 39)
DFELE D) ML TWA T EE0h5. 345b
B, WENEBICTICED KD BIEED (v, v0) ETFEHE
LRV, g7z & BICTHITGEVEICTES (vi,v) W
2 EfRa, bIBAICRET 2L W0S T L THS.

X2 D&, I T 7 2 E8LTEFNT
NRIDB) VIR L TN B EEZ T L X, TNFh
DVEEZE e 253 ZRRADREN RO T = 7 Z{F3HZE
M&x%. 3-UUNRTUIVEERETIX, TOX S HEERR
RITEHEICIZIT g = 0 DI ETR B D, TTOZRERR LI
HWZ g =0 B THERET—HL, hDOIHICFD
o BINVEIFHIC DTz TRWEE &% L TIN5,
TNEDREE, BHTDINY 75 a MO N
WICEDPINENBIZENETNEDTHASH. b, &
BREN OB 2 & LTEZ BN 5.

42 REFEDEER B2 ASRIIET S
MEENRETZHEMERTH 5. L L COHBE
R T EMAIC Ko THEId 28581, LA
AD—FEEFIRETHD, EROEZ T THNUIMHE
THOERETRDNAEDTHAH. LHLEESD 3-



UU T IO K 512, 2585z HWETF Ik
A[EEZHIRTE RNE EICKE < A[Hd 2 ks = ik
I B, EMOMINEEIGICE Z TR 50 S
BHEEINaETHD K H I BbNn5.

ZEE 15T EDONIMETL THIvNy 75y va
Thh, TNENDIT N TEIAETIUIER O ( AJHIH
HEZRD) B FERICRIFTE %, o T eicD
Eh B ERE N R CENUIERATHAS. 59
FTE4L, FHHEERNCRER L 6 Ui oo
OffEtits 3 bidTERV. FESDIZThE T,
3-UU 785 L) USRI FTSE Ot 72 - 2 % BRENREEfT 0D
Nk, ZOWOI T 7 ZNEE RN _FECE> T
BUENCRD B, WSEEZONTUMRRERRRR L TV 5.

43 WRIFERS  3-UU/ST LU, [miseHE
AEMNSIRD 3 ADTy R T T 7 ZDfiiE: &%
HERL TS, SHEOEHHEN 12 THEHDITHL, R
ZE 12 AHZDT, K <HISMNTz Kutzbach-Griibler
DX TIE, TOBMIIEAHRELHEINS. ZThict
b 5T, FZWNE 2 SFmIckE ERITE S8, 2]
WIMSERNCEAR RS2 H T 5 C EhkEbNz. Ll
BRDIED,  Grobner FEEZ W fENT CLEEZ2OfME
TIRDB T ENTEIT Tz7z8, FRHCIEASRE S
THES % L b T ah-o Tz

Bonev, Zlatanov 57" ®%, Tsai 5D 3-UPU #f
ALz Park 5D 3-UPU #EHEICBNT, ERFEREINT
WRF LIV v 7 BRED E ORI B 0 Naw
W (PR ) DMEEL, L Znhiix
YRS Z 0 T0EO0FIHTE R, i LTz

AWIFIC K- T, 3-UU ST LIV ZREHEETH
D, [EAREAIC K> TA[EIS 2D TIFRWN T EAGEH
SNz, FEED Bonev HOFR U-HSE, A UFHIC
o THATE 20T ARV ETAT 3.

5.6 b W I

P AORIEDA 7 Tl < Bim LOAHEE @M T
IROEREO RIS D — BRI, PR FIERTED
TERENEIMEM IR BN T % LHIET B—Tc8DJ51kE%
WTAHER UTe. P EGBROSIM 72 V% et
ROMZEE EDBD, THEETHINATA S, FBHC
RETERANT, FESORFE LT 3-UU /3T LILEK
MO EE FIER B CH 5 T L ZRt LTz, [FIRAC, Zh
TH O D SIEEFEYIKRATHT 5 DMDONT, G
DR TR B NIGETEASRICHE DN TES 2o . 1
WEMMT 2ERICBV T, BEDSHREEGEWZFF
D. A[EIT 2D DD NUIAEE B 2 5EDELRICE
DEFRTONSTHS.

FH HEERIETI O EL ZV. L LZED

PR EENCIIAEI L, A2 RDORBIE, M50
TEClie ittt s 2 0805 %. Ah Tl N\7Zi@ v,
FHSIIATHIICRNT, RN "R K 5 iHT)
DI LIREZIRZ LTS, CHUCK DRE - TERHIRY
fZh 2RI G A T L &, /BoNETT 2 7 22NN
FTEOMHICH URAZFF D EEZABND. ke a8
WBFERDNY 75w 22 TH 255G, TORADH
BEMERLTLE S, N\ 75y a 28R Uit
e BT, RADHIES TERT 20 E L.
C DT LIFFBLMBANCIRT S5 TETH 5.

PN 2 ATEh & 2 2 FERDEMOLIE TH 575513,
ATBIFERHLE C FRERD-THELINT) B ORINEC &Ko TR
EENS. AIERRFHETIENINE X 278, fhilfiH
EDING Y AEBBUIGTDROBNDTEA S,

FES 7RI LR MU C 270 & 5 b,
BUEORMZ ORI B T TR G HHI & 5 A
%. EITRCES T, TS5 LI AR T 7 <
5% XS TR A ORRMEIH SN T &h, K
WEDEDIHNTH%.

#t 3

3-UU /37 LIVESRE OB A DN T, JLHBER D
IIFEEET, IR DIRHZERRR, FO TSERFOR
M THEBRICERRCERZBO £ L. T Il
L EFET.

2 E X W

(1) K. Shikata, K. Masuya, and T. Sugihara. Zero-DOF 3-UU
parallel mechanism that inclines largely in two directions.
In Proceedings of 2014 JSME Conference on Robotics and
Mechatronics, 3P2-K02, 2014.

(2) K. Shimoguchi and T. Sugihara. Reduction of Backlash
of the 3-UU Parallel Mechanism. In Proceedings of 2016
JSME Conference on Robotics and Mechatronics, 2P2-
13b2,2016.

(3) L.-W. Tsai. Kinematics and Optimization of a Spatial 3-
UPU Parallel Manipulator. ASME Journal of Mechanical
Design, Vol. 122, pp. 439-446, 2000.

(4) https://www.maplesoft.com/products/maple/.

(5) http://jp.asir.org/.

(6) A. Turing. On computable numbers, with an application to
the Entscheidungsproblem. In Proceedings of the London
Mathematical Society, Series 2, Vol. 42, pp. 230-265, 1937.

(7) 1. Bonev and D. Zlatanov.
Singular SNU Translational Parallel Robot,
http://parallemic.org/Reviews/Review004p.html.

(8) D. Zlatanov, I. A. Bonev, and C. Gosselin.
Singularities of Parallel Mechanisms. In Proceedings
of 2002 IEEE International Conference on Robotics and
Automation, pp. 496-502, 2002.

The Mystery of the
2001.

Constraint



