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ABSTRACT

A general consideration on how to use a contin-
uous analytical probability density function defined in
(=00, +00) to describe a measured droplet size distribu-
tion with a limited range and, why the maximum likeness
estimation is the best method for parameter estimation
in this case is given in detail. A comparative study was
carried out for four different size distribution functions
commonly used in describing various spray properties
based on droplet size, i.e. the log-normal, Rosin-Rammler,
Nukiyama-Tanasawa and the log-hyperbolic distribution,
in order to investigate the applicability of these functions
for Diesel sprays. Data for this study were acquired in
three type of Diesel sprays from single-hole, four-holes and
conical nozzles under steady and unsteady conditions, us-
ing a phase Doppler anemometer. The results of the study,
for six sets of experimental data of size distributions show
that the log-hyperbolic function presents the best choice.

INTRODUCTION

Improving combustion of diesel engines is one of
the most important problems for conservation of the
global environment and effective use of fossil resources.
Various methods of fuel injection system have been pro-
posed since combustion of diesel engines is affected very
much by the form and characteristics of fuel spray and by
the injection timing. In the development of spray system,
detailed information on droplet size and velocity is rele-
vant to the optimization of the system. In the last ten
years, phase Doppler anemometer (PDA) has provided a
very suitable technique for measuring local size and veloc-
ity distributions in Diesel sprays (1-3). This has resulted
in a large amount of data, and the need for a reliable
method to extract relevant information from the experi-
ments is obvious. Because the mean diameters are not a
sufficient mathematical description of a size distribution,
i.e., different distributions may have the same values of
mean diameters (4), a suitable analytical function for de-
scribing the size distribution in Diesel sprays is required.
In this way, variations in the spray character in spatial and
in time are reflected by the variations of the parameters in
the analytical function. This approach provides an accu-

rate method for correlating the spray character with the
operating conditions and for the calculation, simulation
and optimization of processes happened in the cylinder,
e.g. droplet evaporation.

For these purposes, an analytical function must be ac-
curate enough. Droplet size distributions in Diesel spray
have a character: the tails in distribution curves are some-
times extremely short. However, most of the analytical
PDF are defined in (—o0,+00) or (0,+00). Therefore,
how to apply such an analytical function to a measured
Diesel spray data is a theoretical problem to be solved in
the paper.

Recently, log-hyperbolic distribution functions were
applied successfully for many spray flows (4-6) and a com-
parison of different distribution functions was made for
low pressure sprays (6). No similar work has been re-
ported yet, however, to answer which distribution function
is most suitable for Diesel sprays and this is the major mo-
tivation of the current investigation.

EQUIPMENT AND METHOD EXPERIMENTS

Fuel Injection Nozzle

The details of nozzles A (single hole), B (four holes)
and C (conical) used in the experiments are shown in Ta-
ble 1. Nozzle A has a single-hole on the tip of the nozzle
sack. Nozzle B used the same nozzle sack as nozzle A,
but three extra injection holes were drilled by electric dis-
charge machining at the 90 degrees positions on the side.
For nozzle B, only the central spray was observed, while
sprays from other holes were injected into another spe-
cially installed sucker. Nozzle C is the same as the pintle
nozzle but that a cone of wide angle is attached to the
top of the needle. The nozzle exit is 2mm in diameter,
and the vertical angle of the cone is 150 degrees. The noz-
zle is characterized by its capability of spraying particles
of uniform and small diameters radially at the ordinary
pressure,

Equipment of Experiments

Fig. 1 shows the equipment of experiments (2, 3). In
the experiment of unsteady spray, an injection pump was
driven by a motor at an injection frequency of 20.8Hz.
The pipe connecting the pump and the injection valve
was 1.bmm in inside diameter and 600mm long. In the
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Table 1 Specifications of three nozzles ‘
and injection conditions

Nozzle A:Single B: Single hole | C: Conical
type hole + 3 holes spray
dx1=0.31x 0.6| dxI=0.31x0.6 nozzle
+dx1=0.36x0.6 d=2
Steady 9.8 MPa 9.8 MPa 19.6 MPa
injection
pressure
Unsteady |29.4 MPa 29.4 MPa 19.6 MPa
valve open
pressure
Flow rate ]19.8 37.3 12.8
(mm? / stroke) | (mm?/ stroke) [(mm? / stroke)
(rack 17mm) | (rack 17mm) | (rack 5mm)
[lustration
Measured
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Figure 1: Experimental setup
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experiment of steady spray, motor-driven injection pump
pressurized fuel and, when the fuel pressure in the accu-
mulator rose to a certain level, a solenoid valve controlled
the time of opening the valve. As preliminary experiments
disclosed that the flows of spray became steady in 35ms
after the beginning of spraying, the duration of injection
was set at about 700ms.

Phase Doppler Anemometer

The phase Doppler particle analyzer (PDPA) made by
Aerometrics was used to measure the particle diameter
and flow velocity of the spray. The diameter of the mea-
suring volume used in this experiment was about 0.7mm.
The total intersection angle of incident beams was 2.7 de-
grees, and forward scattering mode was used with the de-
tector inclined by 30 degrees from the axis of the incident
beams.

THEORETICAL CONSIDERATIONS ABOUT

TRUNCATED DISTRIBUTIONS

Analytical Function and Truncated Distribution

The sizes of a population of droplets has such a nature:
the observed minimum and maximum size are always lim-
ited values. The limitation of the tail ends of an observed
particle size distribution can be caused by

e alimited measuring range of the instrument, or

e physical reasons of the particle system, for exam-
ple, the limited energy in the system for producing
extremely small droplets, the instability of a large
droplet, etc. and can also just be a result of

e limited samples.

To support the last argument, consider just a normally
distributed population. For Niotar samples, a value
exists that ensures

<1 (& —p)?
Niota Xp|— ~———]d 1. 1
’/ Vame P T <l ()

So that particle sizes larger than z, is very possibly not
observed in the N,,;,; observations.

Since sizes of drops in spray appear to be continuously
distributed, a size distribution is described by a continuous
analytical probability density function (PDF). Analytical
PDFs are usually defined in (—o0, 00) for the mathemat-
ical generality and simplicity. A measured particle size
distribution with limited tail ends Tmin and z,,,, can be
described by a PDF obtained by truncating the tails of
an analytical function f(z,)) defined in (—00,00), where
A is its parameter vector. A reasonable assumption made
here is that the population of a particle system is the rest
of a population f(z,)),z € (—o0,00) by taking out all
the elements { < z,,;, and ¢ > z,,,.. This assumption
is true if the truncation is caused by the limited measur-
ing range of the instrument. Based on this concept, it is
easy to deduce that the probability of a particle smaller
than z,(z < Zmaz) is equal to the conditional probability

P(A | B), where A denotes the event ( < z and B the
condition T, < ¢ < Tpaz. Since

P(ANB)

P(AIB) = =55

(2)

the accumulative particle size distribution can be calcu-
lated by

fr
Tmin
Jeres
Differential Eq(3) with respect to z, the PDF of the par-
ticle size distribution is obtained:

1
9(z) = mf(

Tmin

f(z, N)dz

G(z)=P(A|B) = e N)dz

(3)

z,A). (4)

[t should be noticed here, that the parameter ) is inde-
pendent of the tail ends z,,i, and zm4:. When and only
when z,;, — —00 and z,,4; — o0, g(z) — f(z). For
many particle size distributions, especially drop size dis-
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Table 2: Comparison of methods of parameter estimation
” -81<zx<T72 1.0<z <72
a [ n Do D32 a [ 1z Dijo D32
true value 0.6000 0.2000 3.0000 | 2.5232 3.1269 || 0.6000 0.2000 3.0000 | 2.7622 3.1726
max. likeness 0.6006 0.1999 2,9997 | 2.5232 3.1239 0.6007  0.2001 2.9997 | 2.7621 3.1716
max. likelihood 0.6040 0.1990 2.9986 | 2.5231 3.1285 0.5060 0.0577 2.8846 | 2.7490 3.1397
least-squares 0.6060 0.1971 2.9956 | 2.5240 3.1320 || 0.5593 0.1719 2.9921 | 2.5888 3.0312
l proo T T T T T T T T T T T T T T on the parameters of the analytical function matched to
- 1 the measured size distribution.
C . For estimating the parameters of a theoretical con-
- 1 tinuous distribution, the maximum likelihood estimation
B | and the method of least squares are commonly used. Such
=L A - an estimation procedure leads to a parameter estimate A
2 1077¢ o 3 with which the analytical function is “most close” to the
L o] 1 . . . . .
- o 1 empirical PDF. Based on the analysis given in the last
- O GDSimulated distribution ~long tails 4 section, it is evident that for a highly truncated empirical
. © D i imum kencns o uncated '+ PDF, a truncated analytical function as defined in Eq.(4)
[ 2 Least-square | . . . .
-~ — Mazimum Likelihood %! yields the correct parameter estimate and this estimate
10728 i ;' I l:; — i‘5 is independent of the tail ends of the distribution. On
-1

X

Figure 2: Comparison of methods of parameter estimation

tributions in Diesel sprays, the measured tails are highly
truncated. In these cases, the use of g(z), instead of f(z),
is recommend for the following reasons:

e Because of the truncation, the value of the empiri-
cal PDF is deviated from f(z,)). However, g(z, )
follows the change. This can be best demonstrated
by a logarithmic plot (like Fig. 2). The truncation of
the tails causes both the empirical PDF and g(z, A)
shifted up while the shape of the curves remains un-
changed. (refer Egs.(2)-(4)). Therefore g(z,)) de-
scribes the measured distribution better.

e The extremely large or small particles have great con-
tribution to moments, mean diameters, skewness and
flatness etc. All these statistic quantities calculated
by using f(z, ) may significantly differ from the em-
pirical values.

e The parameter vector A of the distribution cannot
be correctly estimated by the traditional method if
f(z,X) is used. This will be discussed in detail in the
next subsection.

The analytical function f(z,A) can be used only when
the measured size distribution has very long tails, thus
f(z, ) and g(z, A) having no practical difference or, in the
particle system there exists no physical limitations for the
tail ends and the parameter A has been correctly estimated
through g(x, A) or a special estimation procedure.

Strategy to Fit Measured Size Distribution

A measured droplet size distribution is usually not only
a highly truncated distribution but also with a consider-
able uncertainty in the values of its tail ends zp,;, and
Tmaz. Especially, when the truncation is dominated by
insufficient samples, the more the samples are taken, the
longer the tail ends of the distribution would become. The
fitting should be done, however, in such a way that the tail
ends of the measured distribution have negligible influence

the other hand, if an analytical function f(z, A) defined in
(—00,00) is used, the estimation procedure will find the
“best” estimate, meanwhile the normalization condition

/-00 flz, N)dz = 1, (5)

which is incorrect in this case, will also be fulfilled. Such
an estimate is obviously worse than the one yielded from
g(z, ) and is dependent on the extent of truncation.

Barndorfl-Nielsen suggested in (7) an approach of pa-
rameter estimation for grouped data, as he called, the
maximum likeness estimation. In this estimation proce-
dure an estimate of the parameter vector \ is selected,
which maximizes the expression

D rilnBi(d) (6)

where P; denotes the theoretical probability in the ith
group interval,

f;ﬂ"_l f(z,\)dz
Jomes fz, N)dz

min

(7)

":

while r; is its empirical counterparts,

N;

TP = e

n (8

for a number distribution.

Notice that the maximum likeness estimation is ex-
actly the application of the maximum likelihood principle
together with the practical use of the truncated analyti-
cal PDF g(z,A) as defined in Eq.(4), it can be deduced
immediately that this method should be superior to the
maximum likelihood approach and to the method of least
squares using f(z, ).

The superiority of the maximum likeness estimation
is verified by comparing the mean diameters and moments
computed from the fitted function with that directly com-
puted from the data. The conclusion holds also for the
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Table 3 Probability Distribution Functions

Log-Normal Distribution

Rosin-Rammler Distribution

Nukiyama-Tanasawa Distribution

Log-Hyperbolic Distribution

Three-parameter log-hyperbolic (3P-LH) distribution

1
f(x) =4 ; oxp a®cos® @-sin® 0

1 1 1 2
= — - Inx -
f(x) w/ﬁaxe)(p[ 202( #) ] 9)
O0<x<w
PR—E T
C®r(1-3/s)\ % x (10)
0<x<w
7(x) = Ax ® exp(-Bx”) an
0<x<w
f(x)=4 1 exp[—oz\/52 +(Inx- )’ |+B(Inx - ) )
x
—o<x<wo,|B|<a, §>0, ue(-ow0,x)
5 % +1)sin Gcos O
2 \/(azcoszé)—sin’ 6) +(Inx+p, - p) ~%);2—Sf&_—sfﬁ(lnx+yo~y)} (13)

In(PDF)

Figure 3: The three parameter log-hyperbolic distribution

agreement of the estimated parameters with the true val-
ues in fitting the simulated data, especially in the cases
in which the tails of the distribution are incomplete. An
exarnple of the comparison of parameter estimation meth-
ods is given in Tabal 2 and Fig. 2, where f(z,}) is used.
In this investigation 100,000 random number, the values
of which were hyperbolically (3P-H) distributed (4), were
generated by a computer. The simulated data were than
truncated and the 3P-H PDF were fitted with different
methods. As shown in the table, changing the degree of
truncation of the left tail from z > —8.1 to z > 1.0 has
almost no effect on the maximum likeness estimate. Based
on these general considerations, the maximum likeness es-
timation is used in the current study.

PROBABILITY DISTRIBUTION FUNCTIONS

Four probability distribution functions applied for
Diesel type sprays are summarized in Table 3. log-normal
(L-N) and Rosin-Rammler (R-R) distributions are well
known functions where x4, ¢ and Z, s are the two param-
eters respectively characterizing the specified experimen-
tal distribution. A power-exponential function proposed
by Nukiyama-Tanasawa belongs to the family of the Chi-
square distribution where A, B, o and # are the four
parameters.

The log-hyperbolic function is a mixture of log-normal
distributions where the logarithm of the probability den-
sity function is a hyperbola (7). In the current study the
three-parameter log-hyperbolic (3P-LH) function is ap-
plied to the size distribution of the PDA measurement
results. The details of this function are available in ref-
erences (4). Fig. 3 shows the geometrical meanings of
parameter a, 6 and p. a defines the slope of the asymp-
totes or the opening of the hyperbola, 6 is the angle of the
axis of the hyperbola relative to the coordinate system,
and p is the location parameter defining the peak of the
distribution.

RESULTS

Four size distributions, namely the log-normal (L-N),
the Rosin-Rammler (R-R), Nukiyama-Tanasawa (N-T)
and the three parameter log-hyperbolic (3P-LH) distribu-
tion, were applied to measured data of six types of Diesel
sprays. Experimental conditions of three injection noz-
zles at steady and unsteady conditions are summarized
in Table 1. The results of the calculation are shown in
Fig. 4 where the experimental data measured at z = 75mm
or 60mm from the nozzle exit on the center line of the



In(PDF)
In(PDF)

In(PDF)
In(PDF)

In(PDF)
In(PDF)

a) Steady sprays from A, B and C nozzles
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b) Unsteady sprays from A, B and C nozzles

Figure 4: Various distributions as applied to Diesel sprays
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Figure 6: Parameters of 3P-LH function along the injec-
tion direction

spray (r=0mm) are plotted by square (O). At the sprays
from hole nozzle, it seems that the log-normal distribu-
tion does not agree well in the higher size region and the
Rosin-Rammler distribution also does not agree well in
the lower size region. The Nukiyama-Tanasawa distribu-
tion shows better fitting than above functions. At the
narrower distributed fine particles of conical spray, poor
fittings are observed in the Nukiyama-Tanasawa distri-
bution. The three-parameter log-hyperbolic distribution
(3P-LH) shows an excellent fit for all examples.

The values of the Sauter mean diameters D3, as ob-
tained by using the various distributions, are given in
Fig. 5. At the hole nozzle sprays and conical spray, de-
creased and increased mean diameters along the Z axis are
shown respectively. The log-hyperbolic distribution pro-
vides the best approximation in all cases. Fig. 6 shows
the change of the three parameters of a, § and u along
the axial direction on the center-line of the sprays. The
parameters show similar distributions among A, B and C,
the exception being nozzle type A in a and 8 and nozzle
C in p at steady spray conditions.

CONCLUSIONS

A theoretical study showed that the problem of a trun-
cated distribution can be related to the conditional prob-
ability problem thus the PDF of a truncated distribution
can be expressed as g(z,A) in Eq.(4), through an analyti-
cal PDF f(x,A) defined in (—oco, +00). It has been proved
that function g(z,\) describes the measured distribution
better than f(z,)) and its parameters can be estimated
independent of the tail ends of the measured distribution.
The maximum likeness estimation using f(z, A) is equiva-

lent to maximum likelihood estimation using g(z, A) thus
providing the best parameter estimation.

To study characteristics of flow and particle diam-
eters in Diesel type sprays, steady and unsteady con-
ical (hollowcone) and hole nozzle (solid) sprays in the
air have been analyzed using phase Doppler anemometer
(PDA). Four different size distribution functions, i.e. log-
normal, Rosin-Rammler, Nukiyama-Tanasawa and three-
parameter log-hyperbolic distribution function are com-
pared with experimental data. A comparison of the results
calculated for six sets of experimental data for the size dis-
tribution shows that the log-hyperbolic function presents
the best choice. The variation of spray characteristics
along the symmetrical axis of Diesel sprays were presented
by means of the variations of the Sauter mean diame-
ter as well as the three parameters of the log-hyperbolic
function. The similarities and differences between type of
Diesel sprays can be discriminated with the three param-
eters.
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